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ON A CONSTRUCTION OF QUASI-EINSTEIN SHEARFREE
SPACETIMES
MASOUD GANJI, GERD SCHMALZ, AND DANIEL SYKES
Abstract. In this article we prove that a certain class of smooth Sasakian manifolds
admits lifts to 4-dimensional quasi-Einstein shearfree spacetimes of Petrov type II
or D. This is related to an analogous result by Hill, Lewandowski and Nurowski [4]
for general real-analytic CR manifolds. In particular, this holds for all tubular CR
manifolds. Furthermore, we show that any Sasakian manifold with underlying Khler-
Einstein manifold with non-zero Einstein constant has a lift to a shearfree Einstein
metric of Petrov type II or D.
1. Introduction
In 1986, I.Robinson and A.Trautman [5] set upon formalising the mathematical foun-
dations of the relationship between shearfree Lorentzian geometry and Cauchy-Riemann
(CR) geometry. Here we mean by shearfree Lorentzian geometry a Lorentzian manifold
(M, g) with a foliation by null-geodesics generated by a shearfree vector field k, that is,
k is conformal Killing along on k⊥. See [1] for details.
Following Cartan, a 3-dimensional strictly pseudoconvex CR structure on a manifold
M can be given by a pair of 1-forms (µ, λ), where the real 1-form λ defines the distin-
guished distribution D = kerλ and the complex 1-form µ defines the complex structure
J on D by µ|D ◦ J = iµ|D. Locally, any shearfree Lorentzian metric associated with a
given CR manifold (M,µ, λ) can be written as
g = 2P2
(
µµ¯+ λ(dr +Wµ+Wµ¯+Hλ)
)
,
where P,H, r are real functions, and W is a complex function (see e.g. [4, 5]). Any
metric from this family is called a lift of the underlying CR structure.
As one of the main results in the paper [4], D. Hill et al. proved that for any real-
analytic CR manifold, there exists a lift that renders the Lorentzian manifold (M, g)
quasi-Einstein, that is
Ric(g) = Λg +Φλ2,
where Ric is the Ricci curvature, Λ is a constant and Φ is a real valued function. More-
over, g is of Petrov type II or D.
In this paper, we focus on the case when the underlying CR manifold has a Sasakian
structure, that is, it admits a distinguished infinitesimal CR automorphism, transversal
to the distinguished distribution D. The main result of this article is Theorem 4.2, which
is an analog to the theorem by D. Hill et al., cited above, with positive cosmological con-
stant Λ for Sasakian manifolds, without the assumption of real analyticity. We illustrate
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our result in the special case of tubular hypersurfaces. In this case the cosmological
constant can be arbitrary.
In Theorem 4.4 we show that Sasakian manifolds, for which the underlying Khler man-
ifold is Einstein with non-zero Einstein constant, admit a lift to an Einstein Lorentzian
manifold.
2. CR manifolds and Sasakian manifolds
In this section we recall some facts regarding CR manifolds and Sasakian manifolds
and fix some notations that will be used later.
Let (M,D, J) be a 3-dimensional CR manifold. Here M is a 3-dimensional manifold,
D a codimension 1 distribution and J a smooth field of complex structures on D. We
assume that (M,D, J) is strictly pseudoconvex, i.e. for any (local) non-vanishing section
X of D, [X,JX] 6∈ D. For any choice of X we have an adapted complex frame ∂, ∂¯, ∂o,
where
∂ = X − iJX, ∂o = i[∂, ∂¯] = −2[X,JX].
The complex vector field ∂ = X − iJX spans the +i-eigen-distribution D1,0 of J in
D ⊗ C. We denote the corresponding dual coframe by (µ, µ¯, λ). The real 1-form λ
and the complex 1-form µ determine the CR data on M completely, as D = ker λ and
µ|D : D → C is a complex coordinate on D. Strict pseudoconvexity of M translates to
dλ ∧ λ 6= 0.
Our choice implies the structure equations
dλ = iµ ∧ µ¯+ cµ ∧ λ+ c¯µ¯ ∧ λ (2.1)
dµ = αµ ∧ λ+ βµ¯ ∧ λ,
where c, α, β are complex valued functions onM . Any other distinguished frame (∂′, ∂¯′, ∂′o)
and coframe (µ′, µ¯′, λ′) express through the original frame and coframe by
∂′ =
1
f
∂, ∂′o =
1
|f |2
(
∂o − h∂ − h¯∂¯
)
(2.2)
µ′ = f(µ+ hλ), λ′ = |f |2λ, (2.3)
where f 6= 0 and h are complex valued functions and
h = −i∂¯(log f), α′ =
1
|f |2
(α− ∂o(log f) + h∂(log f) + ∂h+ hc) , (2.4)
c′ =
1
f
(
c− 2ih¯+ ∂(log f)
)
, β′ =
1
f¯2
(
β + ih2 + ∂¯h+ c¯h
)
. (2.5)
In the remainder of the paper we will use Cartan’s description of a CR structure on
M by the equivalence classes [(µ, λ)], as defined above in (2.3).
The definition of Sasakian manifolds given below suits the purpose of this paper best.
For other definitions and their equivalence see [6] or [2].
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Definition 2.1. Let (M3,D, J) be a strictly pseudoconvex CR manifold with a contact
form λ, so that D = kerλ. By Z we denote the associated Reeb vector field, that is, the
uniquely defined vector field that satisfies Zyλ = 1 and Zy dλ = 0. We call M Sasakian,
if Z is an infinitesimal CR automorphism, i.e.
LZJ = 0. (2.6)
In terms of a chosen frame the condition (2.6) is equivalent to
∂¯yLZµ = 0.
It is well known and easy to see that (3-dimensional) Sasakian manifolds are locally
realisable as submanifolds of C2. Indeed, consider the manifold M × Rr. The complex
vector fields ∂ and Z + i∂r define an integrable complex structure on M × R in which
M is embedded as r = 0. In suitable local coordinates z, w = u + iv on the complex
manifold M × R, M can be expressed as
v = F (z, z¯). (2.7)
We refer to the function F (z, z¯) as the potential of M . It is the potential of the associ-
ated Khler metric h = 2Fzz¯dz dz¯ in Cz and completely determines the geometry of the
Sasakian manifold M . We refer to this metric as the underlying Khler metric of the
Sasakian manifold.
The embedding (2.7) induces the contact form
λ′ = J(dv − dF ) = du− iFzdz + iFz¯dz¯, (2.8)
for which
dλ′ = 2iFzz¯dz ∧ dz¯.
Rescaling λ′ to λ = φλ′ with
φ =
1
2Fzz¯
(2.9)
yields
dλ = idz ∧ dz¯ + c dz ∧ λ+ c¯ dz¯ ∧ λ (2.10)
where
c = −∂z log(Fzz¯). (2.11)
Moreover,
R = −∂zz¯ log (Fzz¯) (2.12)
where 2iR dz ∧ dz¯ is the Ricci form of the underlying Ka¨hler metric.
Now we show that 3-dimensional Sasakian manifolds can also be characterised through
the complex structure function c defined by (2.1).
Proposition 2.2. Let M be a 3-dimensional strictly pseudoconvex CR manifold, which
admits a CR function z with µ = dz 6= 0, let (µ, λ) be a coframe for M and let (∂, ∂o)
be the dual frame. Then M is Sasakian if and only if
∂oc = 0,
where c is the structure function from (2.1).
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Proof. We show that there exists a real function A such that the vector field
Z = A∂o,
is an infinitesimal automorphism of the CR manifold, i.e. it is the Reeb vector field for
the contact form
1
A
λ,
and it preserves the complex structure on the CR distribution, i.e.
∂¯y (LZµ) = ∂¯y(d(Zyµ) + Zydµ) = 0.
The condition
A∂o y d(
λ
A
) = 0,
is equivalent to
(∂ logA− c)µ + (∂¯ logA− c¯)µ¯ = 0. (2.13)
Therefore, it remains to show that the equation
∂ logA = c. (2.14)
has a real solution.
Let (x, y, u) be local coordinates such that z = x + iy and ∂o = ∂u. Since ∂oc = 0,
it follows from ∂c¯ = ∂¯c (which is a consequence of d2λ = 0 and strict pseudoconvexity)
that
∂z c¯ = ∂z¯c.
Substituting c = a+ ib and ∂z =
1
2(∂x − i∂y) into the above equation gives us
bx = −ay, (2.15)
where a = a(x, y) and b = b(x, y). For the real function ϕ = logA, equation (2.13) is
equivalent to {
ϕx = 2a
ϕy = −2b.
(2.16)
Therefore, the condition (2.15) implies the existence of a local solution ϕ(x, y) with
∂oϕ = 0. It follows,
∂ϕ = ∂zϕ− L∂oϕ = ∂zϕ = c.
For the converse, note that the function c defined by (2.11) satisfies the condition
∂oc = 0. 
As a special case we consider the so-called tubular hypersurfaces, which have a po-
tential depending on only one real coordinate. Precisely, considering v = F (y) as the
potential, with contact form
λ′ = du− Fydx. (2.17)
we rescale λ′ by φ with,
φ =
2
Fyy
, (2.18)
to produce
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λ =
2
Fyy
du−
2Fy
Fyy
dx (2.19)
satisfying (2.10), where the complex function c is given by
c =
iFyyy
2Fyy
. (2.20)
3. Shearfree geometry and CR geometry
In this section, we define the notion of shearfree vector fields. We then introduce a
family of shearfree metrics and state a fundamental result by D. Hill et. al. [4], which
expresses the Ricci curvature of the aforementioned family.
Definition 3.1. [1] A shearfree congruence on an even-dimensional Lorentzian manifold
(M, g) is a foliation by integral curves of a nowhere vanishing vector field k, such that
(i) The vector field k is null, i.e. g(k, k) = 0.
(ii) Lkg = ρg + θψ, where θ = g(k, ·), ρ is a real function on M and ψ is a 1-form.
We will say that the vector field k is shearfree for the Lorentzian metric g.
In the definition above, and throughout this paper, we use the standard notation of
the symmetric tensor product of two 1-forms ω and γ,
ωγ =
1
2
(ω ⊗ γ + γ ⊗ ω) .
Notice that conditions (i) and (ii) in the definition above mean that the metric g
changes conformally under the flow of k, when restricted to the subspaces
k⊥ = {X ∈ Γ(TM) | g(X, k) = 0}.
In this sense a shearfree vector field can be considered as a generalisation of a conformal
Killing vector field.
Following [4], we define, for a given 3-dimensional CR manifold (M, [(µ, λ)]), a class
of Lorentzian metrics on the line bundle M =M × R
g = 2P2
(
µµ¯+ λ(dr +Wµ+Wµ¯+Hλ)
)
. (3.1)
Here P is a nonzero real function, r,H are real functions and W is a complex function on
M. We have used the notation λ and µ for the forms on M as well as for their pullbacks
to M.
The vector field k = ∂
∂r
is shearfree for all metrics of the family above. The family
depends only on the CR structure of M but not on the choice of the representatives of
the forms (µ, λ).
With respect to the choice of coframe
θ1 = Pµ, θ2 = Pµ¯, θ3 = Pλ, θ4 = P
(
dr +Wµ+Wµ¯+Hλ
)
, (3.2)
6 MASOUD GANJI, GERD SCHMALZ, AND DANIEL SYKES
and corresponding frame
e1 =
1
P
(∂ −W∂r), e2 =
1
P
(∂¯ −W∂r), e3 =
1
P
(∂o −H∂r), e4 =
1
P
∂r, (3.3)
the metric (3.1) can also be written in the following form
g = 2(θ1θ2 + θ3θ4). (3.4)
Then the Gram matrix of the metric becomes

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 .
In the remainder of this paper we assume that the CR manifold M is (locally) em-
bedded as a CR submanifold in C2. Therefore we can assume
µ = dz,
where z = x + iy is a coordinate CR function, i.e. ∂¯(z) = 0. With respect to local
coordinates (x, y, u) on M the 1-form λ can be written as
λ = du+ Ldz + L¯dz¯
for some complex function L. Thus, the vector field ∂ can be expressed through the
coordinates as ∂ = ∂z − L∂u.
In the theorem below we collect a list of relations, derived in [4], between the functions
P,W andH and components of the Ricci curvature of the corresponding Lorentzian met-
ric. If we assume that the complexified Ricci curvature vanishes on the α-planes then
the Goldberg-Sachs theorem [8], implies that W = iXeir+Y, where X and Y are complex
functions, which do not depend on r. The relation of the Ricci curvature and the func-
tions X and Y is established in the theorem below. In what follows, we use the notation
∂f
∂x
= fx.
Theorem 3.2. Assume that the metric (3.1) satisfies the Einstein condition
Ric(g) = Λg, with Λ ∈ R,
then the following statements hold:
Ric44 = 0 ⇐⇒ P =
p
cos( r+s2 )
(3.5)
where p = p(x, y, u) and s = s(x, y, u) are real functions with pr = sr = 0.
Ric22 = 0 ⇐⇒ ∂t+ (c− t)t = 0, t = c+ 2∂ log p, tr = 0, (3.6)
where the complex function c is defined by (2.1).
Ric24 = 0 ⇐⇒ Y = ic+ 2i∂ log p+ ∂s− 2it, e
s
X = c+ 2∂ log p− t (3.7)
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Ric12 = Ric34 = Λ ⇐⇒ B = 0, with (3.8)
B =
(
∂¯∂ + ∂∂¯ + c¯ ∂ + c ∂¯ +
1
2
|c|2 +
3
2
∂¯c
)
p−
m+ m¯
p3
−
2
3
Λp3.
Here m is a complex function satisfying
Ric13 = 0 ⇐⇒ ∂m+ 3(c− t)m = 0, mr = 0, (3.9)
Ric33 =
{
8
p4
(∂ + 2c)
[
p2
(
∂I¯− 2Λ
(
2∂¯ log p+ c¯
)
p2
) ]
(3.10)
+
16Λ
p
B +
16i
p3
∂o
(
m
p4
)}
cos4
(r
2
)
where the function I is defined by
I = ∂ (∂ log p+ c) + (∂ log p+ c)2 . (3.11)
Finally,
Ψ2 = C4132 =
(1 + ei(r+s))3
2p6
m. (3.12)
Here Ric is the Ricci curvature and C is the Weyl curvature. The subscripts indicate
the corresponding components with respect to the frame (3.3).
Notice that t = 0 is a solution of the equation (3.6), and we will assume that t = 0. In
addition, we assume s = 0 and pu = 0. As a result of the preceding ansatz and Theorem
3.2, the function H takes the form
H =
m
p4
e2ir +
m¯
p4
e−2ir + Qeir + Q¯e−ir + T, (3.13)
where
Q =
3m+ m¯
p4
+
2
3
Λp2 −
(
pz
p
)
z¯
− ∂z¯c (3.14)
T =
3m+ 3m¯
p4
+ 2Λp2 − 2
(
pz
p
)
z¯
− 2∂z¯c. (3.15)
4. Quasi-Einstein Lorentzian manifolds
It was shown in [4] that for any real analytic CR manifold there always exists a
representative in the family of metrics (3.1) of Petrov type is II or D, which satisfies the
equations
Ric(g) = Λg +Φλ2.
Here Φ is some real function. We prove an analogous result for Sasakian manifolds
without the assumption of real analyticity.
Prior to presenting our main result, we state a theorem proved by Yihong Du and
Wei Dong in [3], which gives sufficient conditions for the existence of a solution for the
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so-called logistic equation. The existence of such solution is crucial in the proof of our
theorem.
Theorem 4.1. [3] Consider the logistic elliptic equation
−∆q = a(x)q − b(x)qσ, x ∈ Rn, (4.1)
where, σ > 1, and a(x), b(x) are continuous real-valued functions with b(x) > 0, for all
x ∈ Rn. Then, the equation (4.1) has a unique positive solution q, if the following limits
exist and are positive
lim
|x|→∞
a(x) > 0 and lim
|x|→∞
b(x) > 0.
We prove
Theorem 4.2. Let
(
M3, λ, J
)
be a Sasakian manifold with potential F such that the
limits
lim
|z|→∞
Fzz¯ > 0 and lim
|z|→∞
∂zz¯ log (Fzz¯) < 0 (4.2)
exist, and let Λ be an arbitrary positive constant. Then there exists a 4-dimensional
shearfree Lorentzian manifold (M, g) with metric of Petrov type II or D from the family
(3.1) that satisfies the quasi-Einstein equation
Ric(g) = Λg +Φλ2.
Here Φ is some real function.
Proof. Note that η = u + iF (z, z¯) is a CR function, that is ∂¯(η) = (∂z¯ − Fz¯∂u) η = 0,
thus
∂oη =
1
φ
∂uη = 2Fzz¯ 6= 0.
Furthermore, notice ∂oη is a real function. Now the non-zero function m, defined by
m = i(∂oη¯)
3,
satisfies
∂m+ 3cm = 3i(∂oη¯)
2∂∂oη¯ + 3ic(∂oη¯)
3 = 3i(∂oη¯)
2(∂o∂η¯ − c∂oη¯) + 3ic(∂oη¯)
3 = 0,
since ∂η¯ = 0 and ∂o∂ − ∂∂o = c∂o.
Therefore,
∂m+ 3cm = 0,
which implies Ric13 = 0, according to (3.9), and g is of Petrov type II or D by (3.12).
This reduces the equation (3.8) to
pzz¯ +
c¯
2
pz +
c
2
pz¯ +
(
|c|2
4
+
3
4
∂z c¯
)
p =
Λ
3
p3. (4.3)
Now we introduce a function q by
p = f q, where f =
√
Fzz¯. (4.4)
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By the substitution (4.4), the equation (4.3) becomes the logistic equation
qzz¯ + a(z, z¯) q = b(z, z¯) q
3, (4.5)
with
a(z, z¯) =
fzz¯
f
+
fz
2f
c¯+
fz¯
2f
c+
|c|2
4
+
3
4
∂z c¯ (4.6)
and
b(z, z¯) =
Λ
3
f2 =
Λ
3
Fzz¯.
By substituting
c = −2∂z log f,
into (4.6), the function a = a(z, z¯) simplifies to
a = −
1
4
∂zz¯ log (Fzz¯) =
1
4
R,
where 2iR dz ∧ dz¯ is the Ricci form of the underlying Khler metric.
Since we have assumed that the limits (4.2) exist and are positive real numbers, by
Theorem (4.1), the logistic equation (4.5) has a unique positive solution. 
In the more special case when M is a tubular manifold the logistic equation reduces
to an ODE and theorem 4.2 holds without the limit conditions (4.2) on a, b and for any
real constant Λ.
Theorem 4.3. Let
(
M3, λ, J
)
be a smooth tubular hypersurface with potential v =
F (y), and let Λ be an arbitrary constant. Then, there exists a 4-dimensional shearfree
Lorentzian manifold (M, g) with metric of Petrov type II or D from the family (3.1) that
satisfies the quasi-Einstein equation
Ric(g) = Λg +Φλ2.
Here Φ is some real function.
Proof. As in the proof of Theorem 4.2, we define a CR function η = u + iF (y) which
corresponds to
∂oη =
1
φ
∂uη =
Fyy
2
6= 0,
with non-zero function m, satisfying ∂m+3cm = 0, which implies Ric13 = 0, accord-
ing to (3.9) and g being of Petrov type II or D by (3.12).
The PDE (4.3) now reduces to
pyy − ic¯ py + ic py +
(
|c|2 −
3
2
i c¯y
)
p =
16
3
Λp3. (4.7)
By substituting
p = f q, where f =
√
Fyy (4.8)
the equation (4.7) becomes
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qyy +
(
fyy
f
− ic¯
fy
f
+ ic
fy
f
+ |c|2 −
3
2
i c¯y
)
q =
16
3
Λf2q3. (4.9)
which is equivalent to
qyy +Rq =
16
3
Λf2q3, (4.10)
with
R = −
1
4
∂yy log (Fyy) .
By the PicardLindelf theorem the ODE (4.10) has a two-parametric family of solu-
tions. 
Theorem 4.4. Let M be a Sasakian manifold with potential v = F (z, z¯), and assume
the underlying Ka¨hler manifold is Einstein with non-negative constant Λo and let Λ be a
non-zero constant of the same sign as Λo. Then, there exists a 4-dimensionsal shearfree
Lorentzian manifold (M, g) with metric of Petrov type II or D from the family (3.1),
which is Einstein with cosmological constant Λ.
Proof. Suppose that the underlying Ka¨hler metric
h = 2Fzz¯dzdz¯
is Einstein with positive Einstein constant i.e.
Ric(h) = R = ΛoFzz¯, Λo > 0.
Therefore, the equation (4.5) takes the form
qzz¯ +
(
Λo
4
Fzz¯
)
q =
(
Λ
3
Fzz¯
)
q3. (4.11)
It is obvious that
q = ±
√
3Λo
4Λ
is a solution of the above equation (4.11). Therefore,
2∂z(log p) + c = ∂z(log Fzz¯) + c = 0,
since
c = −∂z(log Fzz¯).
As in the proof of Theorem (4.2), we define the non-zero function m by
m = i(∂oη¯)
3,
satisfying ∂m+ 3cm = 0, where η = u+ iF (z, z¯).
Moreover, the function I from (3.11) becomes
I =
1
2
∂c+
1
4
c2,
and consequently,
∂z I¯ =
1
2
∂z (∂z¯ c¯) +
1
2
c¯ ∂z c¯ =
Λo
2
∂z¯Fzz¯ −
Λo
2
∂z¯Fzz¯ = 0.
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The above computations reduce (3.10) to
Ric33 =
8cos4
(
r
2
)
p4
(∂ + 2c)
(
16i
p3
∂o
(
m
p4
))
.
Together with ∂om = 0, this implies that Ric33 = 0. Thus, the 4-dimensional Lorentzian
metric can be expressed as
g =
3Λo
4Λ
cos2( r2)
(
h+ λ′(dr +H′λ′)
)
, (4.12)
where
H
′ = φH and λ′ =
λ
φ
.
with H defined as in (3.13). Since m 6= 0, the Weyl component Ψ2 from (3.12) is
non-zero, and therefore the metric (4.12) is of Petrov type II or D. 
Example 4.5. Let M be a Sasakian manifold with potential
v = F (z, z¯) = zϕ(z) + z¯ϕ(z),
where ϕ is a holomorphic function, so that
c = −
ϕ′′(z)
ϕ(z) + ϕ′(z)
.
Then the 4-dimensional shearfree Lorentzian metric
g =
Fzz¯
cos2( r2)
(
h+ λ′
(
dr +Wdz +Wdz¯ +
H
2Fzz¯
λ′
))
,
where
h = 2Fzz¯ dzdz¯, λ
′ =
λ
φ
, W = −ice−ir − ic,
and the function H is determined by (3.13) with
η = u+ iF (z, z¯), m = i(∂oη¯)
3,
is Ricci flat and of Petrov type II or D.
Note that for the potential F stated in Example 4.5
(Fzz¯)zz¯ = 0.
Assume now that for a given Sasakian manifold the potential F satisfies(
(Fzz¯)
2
3
)
zz¯
= 0.
The choices
p = (Fzz¯)
2
3 , m = i(∂oη¯)
3 with η = u+ iF (z, z¯),
together with Λ = 0, solve all differential equations of Theorem 3.2. Then the metric
becomes
g =
(Fzz¯)
1
3
cos2( r2)
(
h+ λ′
(
dr +Wdz +Wdz¯ +
H
2Fzz¯
λ′
))
, (4.13)
12 MASOUD GANJI, GERD SCHMALZ, AND DANIEL SYKES
with
W = −
i
3
e−ir −
i
3
.
The metric (4.13) is an example of the Fefferman-Robinson-Trautman metric introduced
in [9] in connection with the embedding problem of a 3-dimensional CR manifold. For
more details see [9].
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